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1 Introduction 



In this work we continue to compute the number of supertraces on the superalgebras of 
observables underlying the rational Calogero models |1J based on the root systems [Q] . The 
results for the root systems of Ajv-i, B N (Cat) and D N types are listed in ||, 0]. Here 
we consider the root systems of J 2 (n) type. As W(A 2 ) = W(I 2 (3)), W(B 2 ) = W(I 2 (4)), 
W(D 2 ) = W(I 2 (2)) and W(G 2 ) = W(I 2 (6)) the case under consideration covers all rank-2 
systems. It is shown that the number of supertraces on the superalgebra of observables 
of Calogero model based on this root system is [(n + l)/2]. In particularly it gives that 
in the case of the root system G 2 there are 3 supertraces. 

The definition and some properties of the superalgebra of observables are discussed in 
the next section. In the section ^ the condition sufficient for existence of the supertraces 
is formulated and some consequences from the existence of the supertraces are discussed. 
The superalgebra Hw(i 2 ( n )) of observables of the rational Calogero model based on the 
root system I 2 (n) is described in the section [| and the number of supertraces on this 
superalgebra is computed in the last section. 



2 The superalgebra of observables 

The superalgebra of observables of the rational Calogero model based on the root system 
is defined in the following way. 

Let us define the reflections R$ Wv G M. N , v ^ 0, as follows 

RJx) = x- 2^-^v Vf G R N . (1) 
(v, v) 

Here the notation (-, ■) used for the inner product in IR/y We will use also the coordi- 
nates of vectors, d = (v, e*j), where vectors e*j constitute the orthonormal basis in K^: 
(e*j, ej) = 5ij. The reflections (|I|) satisfy the properties 

Rv(v) = —v, R# = 1, (R^x), u) = (x, Rt(u)), W, x, u G M. N . (2) 

The finite set of vectors R C IRat is the root system if R is R$- invariant G R and 
the group W^R) generated by all reflections R$ with v G R (Coxeter group) is finite. The 
brief description of the classification of the root systems one can find for instance in 0. 

The group iy(R) acts also on some space C of functions on Rat. Let us assume for 
definiteness that C is constituted by all infinitely smooth functions of polynomial growth 
z.e.that V/ G C 3n(/) G Z + such that lim^^f^)/^ | n(/) = 0. Every function / G C 
can be also considered as element of EndQ z.e.as operator on C acting by multiplication: 
g —>■ fg Vg G C. The action of R$ G W(R) on such functions has the following form 

Rv{f{x)) = f{R,{x)) when /(£) G C, (3) 
R^f(x) = f{R,j;{x))Rt when f(x) G EndC. (4) 

Dunkl differential-difference operators is defined as || 

A^+E^T^a-^), (5) 

OXi ^ (x, v) 
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where coupling constants v% are such that 

Vv = VRniv) Vu, v e R. (6) 

These operators are well defined on C and commute with each other, [£)$, Dj] = 0. 
Due to this property the deformed creation and annihilation operators || |7j 

a? = -j=(x i +(-l) a D i ), a = 0,1, (7) 

transform under action of reflections FLg Vt? G R as Mjv vectors 



Rffdf — V] f $ij ~ % /-> 1\ ) 0?-Ri3 



3= 

and satisfy the following commutation relations 



af, af ] = [ % + 2 £ n^ife I (9) 



(v, V) 



where e a/3 is the antisymmetric tensor, e 01 = 1. 

The operators af (a = 0, 1, z = 1,...,N) together with the elements of the group 
VT(R) generate the associative algebra with elements polynomial on af. We denote this 
algebra as -f^iy(R)( z/ ) an d call it the algebra of observables of Calogero model based on the 
root system R. Here the notation v stands for a complete set of v$ with v G R. 

The commutation relations and (H) allows one to define the parity tt: 

ir(af) = 1 Va, i, w(g) = 0V 5 G W(R) (10) 

and consider H W (vq(v) as a superalgebra. 

Obviously the superalgebra H w m){v) containes as a subalgebra the group algebra 
C[W(R)] of Coxeter group W(R). 

An important property of superalgebra i^H / (R)( I/ ) is that it has algebra of inner 
differentiatings with the generators 

1 N 

^ = ^E{Caf} (11) 
z i=i 

which commute with C[W(R)], [T a/3 , R$] = 0, and act on af as on sl 2 -vectors: 



T a0 , a] 



e^a? + e^af. (12) 



The restriction of operator H($ al (v) d = T 01 on the subspace Cw(n) C C of W(R)- 
invariant functions is the second-order differential operator which is well-known Hamil- 
tonian of the rational Calogero model [Q based on the root system R ||. One of the 
relations ( pTT]) namely [H^ al (u), af] = — (—l) a af allows one to find the wavefunctions of 
the equation H^ al {v)ip = eip via usual Fock procedure with the vacuum |0) such that 
a°|0)=0 Vi 0. After W / (R)-symmetrization these wavefunctions become the wavefunc- 
tions of Calogero Hamiltonian H^ al (i/)\c w{Ry 
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3 Supertraces on H w ^{v) 



Definition. The supertrace on the superalgebra A is a linear complex-valued function 
str(-) such that Vf,g G A with definite parity vr(/) and 7r(g) 

str(fg) = (-ir^str(gf). (13) 



Every supertrace str(-) on A generates the invariant bilinear form on A 

B str (f,g) = str(f-g). (14) 

It is obvious that if such a bilinear form is degenerated then the null-vectors of this 
form constitute both-sided ideal X C A. 

It was shown that the ideals of this sort are present in the superalgebras Hw{A\){v) 
(corresponding to the two-particle Calogero model) at v = k + ~ || and in the super- 
algebras H W (a 2 )(v) (corresponding to three-particle Calogero model) at u — k + \ and 
v = A; ± | H with every integer k and that for all the other values of v all supertraces on 
these superalgebras generate the nondegenerated bilinear forms (|i~4l). 

The spectrum of iV-particle rational Calogero Hamiltonian (case R = Ajv_i) coincides 
with the spectrum of system of N noninteracting oscillators if the latter is shifted on the 
constant c(z/) = ^N(N — l)u. It allows one to construct the similarity transformation 



between operators Hcai 1 ( z/ )lc w , (R) — c(v) with different v J[0|. Nevertheless the previous 



consideration shows that the corresponding algebras i?vy( J 4 ]V -i)( z/ ) can be nonisomorphic 
at different values of v. 

It is easy to describe all supertraces on C[W(R)]. Every supertrace on C[W(R)] is 
completely defined by its values on W(R) C C[W(R)] and the function str is a central 
function on W(R) z.e.the function on the conjugacy classes. 

To formulate the theorem establishing the connection between the supertraces on 
Hw(A N )(v) and the supertraces on C[W(R)] let us introduce the grading on the vector 
space of C[W(R)]. The grading E of elements g G W(R) C C[W / (R)] is defined as 
follows. Let Ti^j be the linear space with basis elements a", a^, ... , a^. Consider the 
subspaces £ a (g) C 7i% as 

£ a (g) = {heH a N : gh=-hg}, (15) 

and put 

E(g)=dimS a (g). (16) 

To avoid misunderstanding it should be noticed that C[W(R)] is not in general a graded 
algebra. 

The following theorem was proved in 0: 

Hhis theorem was proved for the case R = An only but the proof does not depend on the particular 
properties of the symmetric group Sn — W(Ajf—i)- 
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Theorem 1. LetV(g) be the projector C[W(R)] C[W(R)} defined as V(J2i^i9i) = 
J2i:g^i a i9i (di £ a i £ C) . .Let i/ie grading E defined in flip] ) and the subspaces 

£ a (g) defined in fllh] ) satisfy the equations 

E(V([h ,h 1 })g) = E(g)-l Vg 6 C[W(R)}, Wh a e£ a (g). (17) 

Then every supertrace on the algebra C[W(R)} satisfying the equations 

str{[h , h]g) = Vg E W(R) with E(g) ^ and \fh a e £ a (g), (18) 

can be extended to the supertrace on H w ^(u) in a unique way. 



4 Superalgebras H w ^ n ^ 

It is convenient to use C instead of R 2 to describe H w n 2 ( n ))- The root system I 2 {n) 
contains 2n vectors v k = exp(irik/n), k = 0, 1, ...,2n — 1. The corresponding Coxeter 
group W(I 2 {n)) has 2n elements, n reflections R k acting on z, z'eC as follows 

R k z = -z*vlR k , 

R k z* = -zvfR k , keZ n (19) 

and n elements of the form S k = R k Ro- So is the unity in W(l2(n)). These elements 
satisfy the following relations 

RkRi = Sk-i, S k Si = Sk+i, RkSi = Rk-u S^Ri = R k +i- (20) 

Obviously the reflections R 2k lie in one conjugacy class and R 2k +i in another if n is 
even. If n is odd then all reflections Rk lie in one conjugacy class. 
It is convenient to consider the following basis in CfW^^n))] 

n— 1 n— 1 

l p = £ \ k m k , q p = £ x ~ kPS k, (2i) 

fc=0 fc=0 

where A = exp(2ni/n), p G (22) 
Differential- difference operators have the following form 

D Z = 2^- + ^Y\ ^ (1 - R 2k ) + v x V ^ (1 - i? 2fe+1 ) , 

Q n-1 * n-1 * 

° Z k=0 ZV 2k + Z V 2k k=0 ZV 2k+l + Z V 2k+ 1 

This form unifies both cases of even and odd n. If n is odd then D z and D z * depends 
on the only coupling constant Uq + V\. 
The basis in the space H 2 is 

a a = 7 \{z + (-l) a D z ) 

V**fl(z* + (-l) a D*). (24) 



Now we can write down the relation between elements a a } b a } Rk and S k generat- 
ing the associative superalgebra Hw(i 2 (n)) of polynomials of af, bf with coefficients in 
C[W(I 2 (n))\: 



RkO 01 — 


-v k 2 b a R k , 


R k b a 


= -vfa a R k , 


(25) 


S k a a 


= v k a S k , 


S k b a 


= v 2 k b a S k , 


(26) 


L p a a = 


= —b a L p+ i, 


L p b a 


= —a a L p _i, 


(27) 


Q P a a 


= a a Q p+ i, 


Q P b a 


— b a Q p -i, 


(28) 


LkLi 


= ndk+iQi, 


L k Qi 


= n5 k -iLi, 




QkLl 


= n5 k+ iL h 


QkQi 


def 

= n5 k _iQ h where 8 k = S k0 , 


(29) 



a a , 




= e aP 






= e aP 


~b a , 




= e at3 



1 + 



VQ + V\ 



L - 



U - Vi 



■>n/'< 



vo + v x 



Li- 



L 



n/2+l I , 



(30) 



The terms containing i/ — u% in ( |3"0| ) are absent when n is odd and halfinteger indices are 
senseless, so let us assume that z/ =z/;l when n is odd. 



5 The number of supertraces on H w ^ n ^ 

In this section the following theorem is proved: 

Theorem 2. The superalgebra Hw(i 2 (n)) has 
It is easy to find the grading E: 



n+l 



supertraces. 



E{R k ) = 1, 
E(S k ) = 0, 
E(S, 



R k (v* k a a + v k b a ) = -{v* k a a + v k b a )R k , 



n/2) 



and check that H 



2 ' 



(31) 



-a a S n /2, S n /2b a = —b a S n /2, if n is even and S n /2 exists, 



W(I 2 (n)) 



satisfies the conditions of Theorem 1, i.e. that 



E(r([{v* k a° + v k b°), (vla' + Vkb 1 ) 



Ri 



(32) 



and that for even n 



E[V 

e(v 



a , a 1 



6°, a 1 



Sn/2 
S n /2 



E[V 

e(v( 



a , b 1 
b\ b 1 



S n /2 
S n /2 



1. 



(33) 



To compute the number of supertraces on the superalgebra we have to find the number 
of the solutions of the equations fll8"|) which have the following form for the algebra under 
consideration 



str ([(v* k a° + v k b°), (v* k a l + v k b l ) 



Ri 







(34) 



and 



str 
str 



a , a 1 



b°, a 1 



S 



n/2 



J = str ( 



s„ 



n/2 



str 
str 



) = str ( 



a , 6 1 
6°, 6 1 



S, 



n/2 



for even n. 



(35) 



The equations (El) lead to 



str(R k 



+ v\ 



str (Qo + ^(Qi + Q-i)) 



+ (-1)" ^Y^ Str { Qn/2 + ^ (g "/ 2+1 + Gn/2-1)) 
and when n is even the relations (|35|) take place and lead to 

str ((i/ + Vl )L± x - (-l) n/2 (z/ - ^)i„/a±i) = 
1 



str(S n / 2 



-str 



((z/ + ^Lq - (-l) n/2 (z/ - ^i)L„/ 2 ) 



(36) 

(37) 
(38) 



It is easy to see that equations fl3"?D are consequences of (p6[). The equations ( |36"D express 
str(Rk) Vfc via str(Sj) and (^) expresses str(S n / 2 ) via str(Sj) with j 7^ n/2 when n is 
even. Hence due to theorem 1 every supertrace on Hw(h(n)){v) is determined completely 
by its values on Sj with j 7^ n/2. Since Sj and 5^ belong to one conjugacy class if and 
only if j = —k the number of independent supertrace is equal to (n + l)/2 when n is odd 
and to n/2 if n is even. It finishes the proof of Theorem 2. 

For n = 2, 3, 4 the obtained result are in agreement with the results obtained in H and 
0]. The case n = 6 gives that the superalgebra of observables of the rational Calogero 
model based on the root system of G 2 type has 3 independent supertraces. 
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